New upper bounds on the smallest size t 2 (2, q) of a complete arc in the projective plane P G(2, q) are obtained for q ≤ 9109. From these new bounds it follows that for q ≤ 2621 and q = 2659, 2663, 2683, 2693, 2753, 2801, the relation t 2 (2, q) < 4.5 √ q holds.
Introduction
Let P G(2, q) be the projective plane over the Galois field F q . An n -arc is a set of n points no three of which are collinear. An n-arc is called complete if it is not contained in an (n + 1)-arc of P G(2, q). For an introduction in projective geometries over finite fields, see [17] , [28] , [30] .
In [18] , [19] the close relationship between the theory of n-arcs, coding theory and mathematical statistics is presented. In particular, a complete arc in a plane P G(2, q), points of which are treated as 3-dimensional q-ary columns, defines a parity check matrix of a q-ary linear code with codimension 3, Hamming distance 4, and covering radius 2. Arcs can be interpreted as linear maximum distance separable (MDS) codes [32] , [33] and they are related to optimal coverings arrays [15] and to superregular matrices [20] .
One of the main problems in the study of projective planes, which is also of interest in coding theory, is finding of the spectrum of possible sizes of complete arcs. In particular, the value of t 2 (2, q), the smallest size of a complete arc in P G(2, q), is interesting. Finding an estimation of the minimum size t 2 (2, q) is a hard open problem.
This work is devoted to upper bounds on t 2 (2, q).
Surveys of results on the sizes of plane complete arcs, methods of their construction and comprehension of the relating properties can be found in [1] - [5] , [12] , [16] - [19] , [28] - [32] .
Problems connected with small complete plane arcs are considered in [1] - [5] , [8] , [9] , [11] , [13] - [14] , [21] , [23] , [24] - [26] , [27] , [28] , [31] , see also the references therein.
The exact values of t 2 (2, q) are known only for q ≤ 32, see [24] and recent work [25] where the equalities t 2 (2, 31) = t 2 (2, 32) = 14 are proven. Also, there are the following lower bounds (see [27] , [28] ):
Let t(P q ) be the size of the smallest complete arc in any (not necessarily Galois) projective plane P q of order q. In [21] , for sufficiently large q, the following result is proved (we give it in the form of [19, Tab. 2.6]):
where c and d are constants independent of q (i.e. universal constants). The logarithm basis is not noted as the estimate is asymptotic. Following to [1] , we denote the aggregates of q values: √ q for q ≤ 841. In [13] , see also [14] , complete (4 √ q − 4)-arcs are obtained for q = p 2 odd, q ≤ 1681 or q = 2401. In [9] , [11] complete (4 √ q − 4)-arcs are obtained for even q = 64, 256, 1024.
In this work we showed that t 2 (2, 857) = 117 < 4 √ 857. So, it holds that
For q ≤ 5107 and q ∈ T 2 ∪ T 3 the values of t 2 (2, q) (up to June 2011) are collected in [1, Tabs. [1] [2] [3] [4] where the following results are obtained:
Moreover, in [1] the following conjectures were proposed:
In this work we obtained many new small arcs and extended and improved results of [1] . We have proved Conjecture 1.2, see Theorem 1.3.
Results of this work allow us to hope that Conjectures 1.1 is true. We denote the aggregates of q values: In this paper we obtained complete arcs with sizes smaller than in [1] (i.e. we improved upper bounds on t 2 (2, q)) for q ∈ T 4 (in the region q ≤ 841), for q ∈ T 5 (in the region 853 ≤ q ≤ 2621), and for q ∈ T 6 (in the region 2633 ≤ q). Theorem 1.3. In P G(2, q), the following holds.
√ q for q ≤ 2621, q = 2659, 2663, 2683, 2693, 2753, 2801.
t 2 (2, q) < 4.8 √ q for q ≤ 5399, q = 5413, 5417, 5419, 5441, 5443, 5471, 5483, 5501, 5521.
In whole, this work can be considered as development of work [1] .
2 Small complete k-arcs in P G(2, q), q ≤ 9109
Throughout the paper, in all tables we denote A q = a q √ q − t 2 (2, q) where
. Also, in all tables, B q is a superior approximation of t 2 (2, q)/ √ q. For q ≤ 841, the values of t 2 (2, q) (up to June 2011) are collected in [1, Tab. 1] . In this work we obtained small arcs with new sizes for q ∈ T 1 . The new arcs are obtained by computer search, based on the randomized greedy algorithms. The current values of t 2 (2, q) for q ≤ 841 are given in Table 1 . The data for q ∈ T 1 improving results of [1, Tab. 1] are written in Table 1 in bold font. The exact values t 2 (2, q) = t 2 (2, q) are marked by the dot " ". In particular, due to the recent result [25] we noted the values t 2 (2, 31) = t 2 (2, 32) = 14.
From Table 1 and the results of [13, 14] , on complete (4 √ q − 4)-arcs for q = p 2 (see Introduction) we obtain Theorem 2.1 improving and extending the results of [1, Th. 3.1]. Table 1 . The smallest known sizes t 2 = t 2 (2, q) < 4 √ q of complete arcs in planes PG(2, q), Theorem 2.1. In P G(2, q), the following holds. 
For 853 ≤ q ≤ 2621, the values of t 2 (2, q) (up to June 2011) are collected in [1, Tabs 2, 3] . In this work we obtained small arcs with new sizes for q ∈ T 5 . The new arcs are obtained by computer search, based on the randomized greedy algorithms. The current values of t 2 (2, q) < 4.5 √ q for 853 ≤ q ≤ 2621 are given in Table 2 . The data for q ∈ T 5 improving results of [1, Tabs 2, 3] are written in Table 2 in bold font. The data for q = p 2 with t 2 (2, q) = 4 √ q − 4 [13, 14] and for q = 857 with t 2 (2, 857) = 117 < 4 √ 857 are written in italic font. From Table 2 and the results of [13, 14] , on complete (4 √ q − 4)-arcs for q = p 2 (see Introduction) we obtain Theorem 2.2 improving and extending the results of [1, Th. 3.2]. Table 2 . The smallest known sizes t 2 = t 2 (2, q) < 4.5 √ q of complete arcs in planes For 2633 ≤ q ≤ 5107 and for a few sporadic q > 5107, the values of t 2 (2, q) (up to June 2011) are collected in [1, Tabs 3, 4] . In this work we obtained small arcs with new sizes for q ∈ T 6 . The new arcs are obtained by computer search, based on the randomized greedy algorithms. The current values of t 2 (2, q) < 4.8 √ q for 2633 ≤ q ≤ 5399 are given in Table 3 . The data for q ∈ T 6 and other data (obtained in this work) improving and extending results of [1, Tabs 3, 4] are written in Table 3 in bold font. The data for q = 2659, 2663, 2683, 2693, 2753, 2801 with t 2 (2, q) < 4.5 √ q are written in italic font. Table 3 . The smallest known sizes t 2 = t 2 (2, q) < 4.8 √ q of complete arcs in planes The current values of t 2 (2, q) for 5407 ≤ q ≤ 8353 and 8363 ≤ q ≤ 9109 are given in Tables 4 and 5 , respectively. All results in these tables are new and they have been obtained in this work by computer search, based on the randomized greedy algorithms. Data for q = 5413, 5417, 5419, 5441, 5443, 5471, 5483, 5501, 5521 with t 2 (2, q) < 4.8 √ q are written in Table 4 in italic font.
From Tables 3 -5 Theorem 2.3. In P G(2, q) , the following holds. Table 5 . The smallest known sizes t 2 = t 2 (2, q) of complete arcs in planes P G(2, q),
We look for upper estimates of the collection of t 2 (2, q) values from Tables 1-5 in the form (1.1), see [21] , [19, Tab. 2.6] , and [1, Sec. 4] . For definiteness, we use the natural logarithms. Let c be a constant independent of q. We introduce D q (c) and D q (c) as follows: By Observation 1 it seems that the values of D q (0.75) and D q (0.75) are sufficiently convenient for estimates of t 2 (2, q) and t 2 (2, q).
From Tables 1-5 , we obtain Theorem 3.1. Theorem 3.1. In P G(2, q),
The graphs of values of √ q ln 0.8 q, √ q ln 0.75 q, t 2 (2, q), and √ q ln 0.5 q are shown on Fig. 2 where √ q ln 0.8 q is the top curve and √ q ln 0.5 q is the bottom one.
One can see on Fig. 2 that always t 2 (2, q) < √ q ln 0.75 q and, moreover, when q grows, the graphs √ q ln 0.75 q and t 2 (2, q) diverge so that positive difference √ q ln 0.75 q − t 2 (2, q) increases. We denote
One can treat t 2 (2, q) as a predicted value of t 2 (2, q). Then ∆ q is the difference between the smallest known size t 2 (2, q) of complete arcs and the predicted value. Finally, P q is this difference in percentage terms of the smallest known size. The values of ∆ q = t 2 (2, q) − t 2 (2, q) for 173 ≤ q ≤ 9109, q / ∈ N −0.94% < P q < 0.79% if 173 ≤ q < 1000, −0.28% < P q < 0.49% if 1000 < q < 2000, −0.52% < P q < 0.38% if 2000 < q < 3000, −0.57% < P q < 0.32% if 3000 < q < 4000, −0.48% < P q < 0.27% if 4000 < q < 5000, −0.59% < P q < 0.22% if 5000 < q < 6000, −0.46% < P q < 0.20% if 6000 < q < 7000, −0.88% < P q < 0.16% if 7000 < q < 8000, −0.66% < P q < 0.16% if 8000 < q.
(3.6) By (3.5) and (3.6), see also Fig. 3 and 4 , the upper bounds of ∆ q and P q are relatively small. Moreover, the upper bound of P q decreases when q grows. Therefore the values of ∆ q and P q are useful for computer search of small arcs.
The relations (3.2)-(3.6), Theorems 1.4 and 3.1, and Figures 1-4 are the foundation for Conjecture 1.1.
Remark 3.2. By above,
√ q ln 0.75 q seems to be a reasonable upper bound on the current collection of t 2 (2, q) values. It gives some reference points for computer search and foundations for Conjecture 1.1 on the upper bound for t 2 (2, q). In principle, the constant c = 0.75 can 
